C 6io ) 

peeled greacer things from bis pregndnt and fagacious 
Wit/ For he was fcarce %o Years of Age when he held 
ihefe Correfpondencies with Mt. Crahtrie, And ac che 
Age of zj. he was killed ac Mdrfton-Moor-Battk, on 
fuly %. 1644- fig^^ting for King Charles I, His Father 
was Henri G^fcoigm Efq; of Middletor^, between Leeds 
and Wakefield. 
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IV. An Attempt towards the Improyement of the Me^ 
thod ef approximating^ in the ExtraEHon of the 
^^gots of Equations in Nurnhers. !By Brook Tay-- 
lor^ Secretary to the %o)al Society, 

¥ N PhiLTrm. No- arc. Dr. Hdky, now Secretary of 
J^ che Royal Society, has publiih'd a very compendious 
and ulefui Method of extrafiing the Roots of aflei^ed 
Equations of the common Form, in Numbers This 
Method proceeds by afTuming the Root defired nearly 
true to one or two Places in Decimals ("which is done 
by a Geonietricai Conftrudion, or by fome other con- 
venient w^ay) and correcSing the AOumption by com- 
paring the Difference between the true Root and che 
aflumed, by means of a new Equation whofe Root is 
that Difference, and which he fhews how to form from 
che Equation propoied, by Subititution of the Value 
of the Root fought, partly in known and partly in un- 
known Terms. 

\n doing this he makes ufe of a Table of Produds 
(which he calls Speculum Andjtkum,) by which he com- 
putes the Coefficiencs in che new Equation for finding 
the Difference mentioned. This Table, I obferved, 
was formed in the fame Manner from the Equation 

pro- 
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proposed, as the Flaxioos are, taking the Root foughr 
for the oniy flowing Quantity, its Fluxion for Unity, 
and after every Operatioti difiding the Produd fticcet 
fively b^ the Numbers i, ^V 5, 4, &^* Hence I fooa 
found that this Method might eafily an! tiaairaUy bt 
drawn from Cor, 2.. Prop* 7. of -my Met h dm Imrtmmto^ 
mm, and that k was capable of a further- deg^ree of Ge- 
nerality; it being :.Appikable,- ^ot-only t*-i,Eqaa^-*oos of 
the coiBmon Form^ ivi%, ihcb as coiifift of Terms where- 
in the Powers of the Root fought are pofitive auJ inte- • 
gral, without any Radical Sign) but aifo to Al ExpreC- 
fions in general, wherein any thing isipropofed as givefi 
which by any known Method oiighf: be computed ; if 
vii:e versa, the Root were confidet'd as given : fuch as are 
all Radical Exprelilons of Binomials, Trinomials, or of ^ 
any other Nomial, which may be coin-putw^d by the Roac 
gi?ea,' at leaft by^ Logarithms, ' whatever be the. -Index 
of che Power of chat Nomial-; as likewifeExprelTions of 
Logarithms, of Arches by che Sines or. Tangents^ of 
Areas of Curves ■% the Ahfci^is ot mj other Fluencs, 
or Roots of Fiui-ional -Equations, ^e. 

For the lake of this great- Generality, it may- not be-' 
improper to Ihew how this Method is .derived from the- 
forefaid Ct^roilarf, ' Therefore ^. and .y. being two flowing. 
Quantities C^vhOiC Relation to one another may be ex- 
preft-'by any- -Fqtmtioa whacfoever) • by- this ■Or^/liir^t, 
while z by Oowiiig uniformly becomes. ^— }-f/,- x will 

-become x -f- ~*^ "^ -r •"■ — ^r*^ ""h ^ — ^- — ^ ^ » ^'^•' • 

or ^ 4" "^"* ""I" !"" "^^ — ^ •'"- ^^» ^^^ ^ putting i. 

I ix% I. .X.J 

Hence if y be the Root of any Expreffion formed of 
J and known Quantldes, and fuppoled equal to nothing, 

aud 
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and z be a part of y, and x be formed of z and the 
known Quantities, in the fame manner as the Expreflion 
made equal to nothing is formed of y ; and let y be equal 
to z-^v: the difference v will be found by' Extracting 



XV X v^ i^'^ 



the Root of this exprefEon ^ + "^ ~|- + 

I I . X I . X . 3 

-}- ^c. =: o. For in this Cafe z being become z -\-v i=:zy. 



xv^ 



X, which is now become x -^^ xv -^ -|- (jru 

X 

muft become equal to nothing. 



V XV X v^ 



The Root V in the Equation x -] j-^ \- 

r I .X 1 . X . 3 

--|- ^c. z=: o, is to be found upon the Suppofition of its 
being very fmali with rcfped to z, (as it mull be, if 
z be taken tolerably exadl) by which means the Terms 

X V^ X V^ 

\- — 4' &^' ^^y benegleded, upon ac- 

count of their fmallnefs with refped to the other Terms, 

fo as to leave the Equation a; -j 4. — — nn: o, for 

I i.x 

finding the firfl approximation of v. 

By extradiing the Root of this Equation, we have 

X X ^V ;c 

^ = V ~ -— --t: — — . That is, 

X . XV 

-rr, if AT 4* -^ '^ I *~ =^ ^' 

X X 



•2 

X 

X ^ 


ZX X 
X X 


Firft, •• ~ 

X 


zx 

• • 

X 


'z 
X 

Sec. 1/ ^ 

X 


z x 

X 



.z 



~, if — X '-f' XV o^ — z=z o. 

X X 

Thirdly 



C ^»3 ) 



w X 0* Ju 



'2. •• % 

X X % X ^. ^1^ 

iv iv :» 2f 

This approximation gives v exacSl to twice as many 
places as there are true Figures in ^, and therefore tre- 
bles the number of true Figures in the Expreflion of y by 
z. "Y V, which may be taken for a new Value of 2^, for 
computing a fecond v^ iecking other Values of x, x, x, 
C^c, Tho' when z> is tolerably exad (which it may be 
efteem'd when it contains two or three or fsaore true 
Figures in the Value of y, according to the Number of 
Figures the Root is propofed to be computed to,) the 
Calculation may be reftor' d withou t fo much trouble, 

only by taking v — x "— — -"^^ — — -m^^ 

X X ^'^X 1,2,9 ^ * ^X 

X . X »Ar 

^c. inftead of v^ -rr X ~ taking every time for v 

X X 

its Value lail computed. 



X v^ , X v^ 



From the fame Equation x -\- xv -y f- 



% I -2^. 3 



.0c^ m: o, may be gathered alfo a rational Form, viz. 



V 



X 



r For neglecting the Terms , S^c. 

X X ^•2.. 3 



% X 

'c have v = r which is nearly z=: :. There* 



^ 



X 

X 4 '^ 

% 

X 

fore in the Divifor inftead of v writing — we have 

B b b b b mor^ 
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^ 

more exa£lly v — : - — r^--, that is 

— X , ^ '^^ 

!• :■:— , when X -X- xV J &C. =: o* 

,. X X z 

X — — : 
% X 

X X *v 

, when — X ^y xv^ — — d^\ z=z o. 



* X X — ' 

x-\ : 

2 X 

X . XV 

— n — , when X — xv J- — UC^ rm Oo 



, . X X 

X — — r 



— oc . x v^ , 

4. rr f when — X — xv 4 cr. =; o. 

..XX ' z 

This Formula will alfo triplicate the number of true 
Figures in %. And the Calculation may be repeated, af- 

X 

ter every Operation, taking for a Divifor ^ J^ ~ "^ + 

2 

_ L- Y ^^^ inltead of .v ~[- — -:. 

Dr. Hallej has fully explain'd the manner of ufing both 
thefe Formulas in Equations # f the common Form ; 
wherefore I fhall be the ihorter in explaining two or 
three Examples of another fort. 

Ex. I. Let it be propofed to find the Root of this E- 
quation/ 4- iK' -|- y — 16 =: o. In thi s Caie, for 
y writing z, and for o writing x, we have ^"^ -; n^'* 



#^ 
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4- a — i6 =i X. Whence by taking the Fluxions, 

weh^VQ x=:^^^ tX^Xt^ '\- i\ + i, and i ni: 

-jJLiJMrirr~"-~niiiWMMiir«wiiliMiiiM[[fffiriilMiwMaii 1 .1 i -- nnf ■ uwi n n "i i •" i i T'"" Zlll — jTirrr-l 

**-"" " i J i y i II ■ I ' ii n ii M "■" I Tj iMi M i^ MiM a ii i iKi w ii i ii i iiiiiii h ib * 

%^ % X 8 — 4 V X .t,^ X z^ -{- i\ "~ • For finding 
thefirft Figures of the Rooty, for ^ % take f , and we 
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have the Equation / + if' "|- y — 16 = 05 which being 
expanded gives / --j- 3 j"^ -]- % 'f -^^ %z y — xfj = o. 
By this Equation I find that for the firft fuppofition 
we may take z=z%. Therefore in order to find v, let 
us now make \^ z =:}, (which is nearer than before) 

-~ 7 . 1 7 

and we have x=z z^ -J,~ ij^" ^- %, — 16 = ^^ 4- v — 14 
:r=z$'' — 14= — 4,48; 5^=: lo, 66; i z=4,7^. Whence 

by the fecond rational Form^t^ =: ^^ j- 

z X 10,66 
= o, 58 • which muft be too big, becaufe }<s/z, and 
therefore will require a larger Value of y to exhauft the 
Equation, than where V 2 is exacft. For the fecond fup- 
pofition therefore, let us take ^r^ 2, 3, and make V 3 
=: 1, 41411 36, and by help of the Logarithms we ftiall 

have^^-'l- il '' = 13,47294, whence ^^=:^ — ^0,2^70^; 

in=:i4, 9342.9, and ';^z=z 5, 1 84 19« Hence by the zd. 

irrational FormuU «i; =: v -::l..^:1|:x.-^ ^ ,q.^^ — 

^3 10419 ' 5,15419 

lliiilii _. o, 01516, which gives y = jss -}- t; =: 

2,31516, which is true to fix Places. If you defire 
it more exa€l than to the extent of the Tables of 
Logarithms, taking ^=:x, 3^5 ^6 for the next fuppo- 
fition, t he Calculation muft be repeated by computing of 

zz-^- il^"" 10 2L fufficienc number of PiaciS ; which mufc 
be done by the Binomial Series, or by making a Loga« 

B b b b b X richci^ 
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rithm on purpofe, true to as many places as are necef- 
fary, 

j^x. II. For another Example, let it be required toiind 
the Number whofe Logarithm is o, zg, fuppofing we had 
no other Table of Logarithms but Mr. Sharps of ico Lo- 
garithms to a great many places. This amounts to the 
refolving this Equation ly •=: o, 29, or ly — Oj 29 =: o. 

Hence therefore we have x :=i:lx — o, 19, x^=:— (a 

being the Modulus belonging to the Table we ufe, viz; 

z'' z^ z"^ 

&c. In this Cafe becaufe x has a negative Sign, changing 
the Signs of all the Coefficients, the Canon iot v will 
be found in the fourth Cafe, wh ich in the irrat ional Form 

"i ^ V 

X X % X % X % X 

gives V -:=: ~ _-i/— -^- .^ ^ ::v^ — • r'^t 

X X X 2 • 3^^ 2 .g . 4J(? 

rlz — 0,58 ^ %v^ xv^ 

^c. =2: — \/ i2^ A, — "-^ X ^^ A^ — • — — 

a iz /^z^ 

2 v^ 
H : &(^' In this Cafe to avoid often dividing by z, it 

will be mofl: convenient to compute — , w^ich is got 

from this Equation — =: i — V t -\ ^ ^' ' -|- 

— : — — : -f :, &c. The nearefl: Logarithm, in 

H z^ 4 z"^ S ^ 

the Tables propofed, to the propofed Logarithm o, 29 
is o, 29003461 14, its Number being i^ 95, Therefore 
for the firft fuppoiition taking z =: x^ 95*, we have x 

(:== /^ -^ O;, 29 ;==:; O, 2900346114 -«-. O^ 29 ) =:: 

O^ OOQQ 



f 6x7 ) 

' ^^ • ^' a 0,4341944^^19 
Of 00015^9.1 19,- and 1+ — m: 1,0001.5*9-^ 

WW 

59139. ■ Whenc-a for the firft approximation we Iia?'^ 

■--™-'r=::;I ..— ^-i, OOO159191.59 =: .— . O, OD0079%147^ 
z 

and V ■•=: — Oi oooi55'4003^, and )^ =: ^ -}- 1; =: 
i,949844599l8» Which is true to eleven places, and 



% f/^ 



may eafily be -correded by the-Terms ■— -- cf'.^- whiclil 

leave, to the Readers' cutiofity* ' 

Being upon the Subjed of Approximations; it may- 
not be ami(s- to fee down here two Approximations- 1 have 
formerly hit upon- • The one is a Series of Terms fer 
expreffing the Root of any Qaadratick Equation : and 
the other is a particular Method of Approximating in die 
invention of Loganthms, which has no occafion for any 
of the Tranfcendentai Methods, and is expeditious e° 
nough for making the Tables without much trouble* 

A gemral Smes for exfte0^g the Rmt §f m^ ^idrmick 

Eqmtkm 

Any Quadratick Equation being reduced to this Form 
xx-^rnqx + wi| =: o, the Rodt x will be expfeft by 
this Series of Terms* 

q ^ mi] * ^ ■ — »2* l?~.^ 

y 

-|-D X -I ■ &^* Which muft be thus interpreted* 

1. The Capital Letters A, B, C> ©^r. fland for thc^ 
whole Terms with their Sigm, preceding thofe where- 
in 
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t 

in they are found, as B :=:=; A x •; 



m q^ 



% 



2. The Ikt^it Letters a, h, c, &c. in the Divifors, are 
equal to the whole Divifors of the Fradioii in the Terms 
immediately preceding ; thus hz=za^^^ 2. 

For an Example of this, kt it be required to find 

%/ 2. Puttioff-V 2 =r X 4- If we have x"- A- 2 



-6 -^ "^ ^ j 



X 



o, which being compared with the general /^^nwi^/^, gives 
mq nr: -^ 2, and m y.'z-- — t : therefore for m taking 
— I, we have ^1=2, and y :™ i, which Values fubfti- 

luted in the Series give x -- 



% 2x6 2 X 6 x|4 

I 

2 x6x<4XiiS4 xx6X34 Xii54X 1151714' 
&c. The Fradions here wrote down giving the Root 

cree to twenty three Places. 

A mvQ rdcthod of ccmfutmg Logarithms. - 

This Method is founded upon thefe Confiderations. 

!• That the Sum of the Logarithms of any two Num- 
bers is the Logarithm of the Produd of thofe two Num- 
bers Multiplied together. 

2. That the Logarithm of Unite is nothings and 
confequently that the nearer any Number is to Unite^ 
the nearer will its Logarithm be to o. %dlj^ That the Pro- 
ducSt by Multiplication of two Numbers, whereof one 
is bigger, and the other lefs than Onite, is nearer to U- 
nite than that of the two Numbers which is on the fame 
fide of Unite with its felf ; for Example the two Num- 
•bers beins 4 and r, the Frodud: I is lefs than Uiiite» 
but nearer to it than h which is aifo leis than Unite, 
LJpon thsife Confiderations, 1 found the prefent Ap» 

proximation .5 
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pTOximation i \\''!iich mil be bell c^cplain'd hj an Ex* 
a-mple. Lee ir. tlitrefore be propofed to find the Re- 

kdon of the Logarithms of 2 and of io*_In'ordtr 

tothisJtaketwoFra<flions^-^ vm, J^^afid^^ 

whofe Numerators are Powers of %, and their Denomi- 
nators Powers of 10; one of them being bigger,, and 
the other lefs than 1. ' Ha?iiig fee thefe down in Deci- 
mal Fractions in the fitft: Column of die Table annexr., 
againft them in the fecond Column I fet A and 3 for 
their Logarithms, cxpreiTing by an Equation the manner 
how they are Compounded of the Logarithms of % and 
10, for which I write I 2 and / f o. Then Makiplying 
the tv¥o Numbers in the firft Column togedier, I have 
a third Number ^i, 024, againft which f V¥riteC for ics 
Logarithm, expreiTing Iii:v:,¥irc by an Equation in whac 
manner C is formed of the foregoingLogarithms A and B. 
And in the fame manner the Calculation is continued 1 
only obferving this Comfemium, that before I Multiply 
the two laft Numbers already got in the Table, I conH- 
der what Power of one of them muft be ufed to bring 
the. Produdl the neareft to Unite that can be» This is 
found, after we have gone a lictle way in the Table,- only 
by Dividing the Diitcrences of the Numbers from Unite 
one by the other^ and caking chc Quodent with the near- 
eft, for the Index of the Power wanted. Thus the two 
lail" Numbers in the Table being- o, 8 and i, o^4, their 
Differences from Unit are c, 200 and 0,014; therefore 



o. l-OO 



^ gives 9 for the ?ndex; wherefore Multiplying the 

0.» 02#4 

ninth rower of 1,054 by 0.8, f have the next Number 
o, 990352.05 »-^i9> 'vViiotc i ogitithm is D=z:9C4-5^<' 
In ieeking the ^nd^x in this mariocr by Divifion of the 

Differences, the Quoaco^ c.:ghi: g^cnsrally to be taken 

widi 
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Widi the kafl t but in the prefent cafe it happens to be th^ 
moft, becaufe inftead of the Difference between o, 8 and 
I, we ought ftridly to have taken the difference between 
the reciprox:al i , 1.5 and i , which would have given the In- 
dex 10 5 and thv^t would be too bigj becaufe tiie Produd; 
by that means would have been bigger than i, as 1,014 

is* Whereas thls'Approximation requires chat the Numbers 
in rhe^ril Cokinin be alternately greater and left thati 
1 3 as may be {^cn in the Table. 

When i have in this manner corrtiniied the Calcula- 
tioni till I have got the Numbers fmall enough, ! fup- 
Dofe the laO: Losarichm to be equal to nothinp/ Which 
gives mean Equation, from which having got away the 
Letters by means of the foregoing Equations, I have 
the relation of the Logarithms propofed. In this man- 
ner if i fuppofe G =0, 1 havexi36 / 2 — 64^ / 10=: o. 
Which gives the Logarithm of 2 true in feven Figures, and 
too big in the Eighth ; which happens becaufe the 
Number correfpondmg with G is bigger than Unite. 

There is another Expedient which renders this Cal- 
culation ftiil ihorter. It is founded upon this Confidera* 

tion, that when .'^ is very fmall i -|-^:'*is very nearly 
1 "U'^x^ Hence if 1 -\-x% and i — ^ are the two lall: 
Numbers already get in the firft Column of the Table. 

and their Powers i -|-x|'"and i — zl"* are fuch as will 

Eiake the Produdl i -f-xT x i J- z^ very near to Unite, 

m and r) may be found thus: i -}- xl^rm i 4^mx 



and 



I — z!'' = 1 — ^Zy and confcquently 1 -j- x\^ x i ** z^ 
:= k-ymx — nz — mnz x,ox (mgl^dtingmn zx) 1 -h 
mx ^—nz^ Make this equal to i, and we have m:n:i 

zzxi: 1 1 — z: / i ■^- x.'^'hcnczx 1 1 — z-j- zl l -^- x 
= o. To give an Example of the Application of this, 
Jec I, 0^4 and 0,^90^^^ be the Jaft Numbers in the 
Table, their Logarithms being C and D. Then we have 
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I' have computed this Table fo far, that the Reader 
may fee in what manner this Method Approximates ; 
this whole Work, as it appears, colling a little more than 
three Hours time. 
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Y. §^r oprietates qt4ddam fimplkes Scd:lonum ConU 
eariim ex natura Focorum deduB^ ; cum Theorem 
nategemrali'de Viribus Centripetis 3 quorum ope Lex 
'4rtum CentKipetarum ad ^ Focos SeBionum tenden- 
tiumj Vehcltates Corporum in tills reVolventimny 
<jp Defcriptio Orbium factllime determinantur. ^er 
Abr. de Moivre* R. S. Soc- 

Sit D E Axis Tranfverfus Ellipfeos, J & Axis alter, 
& C centrum Sedionis. Sic F pundtum quodvis 
iti circumferentia ejus ; P ^ Tangens curvx ad P, oc- 
eurrens Axi Tranfverro ad J^; punda S, F Foci ; C F, 
C K femidiametri Conjugate ; F // Semilatus redum 
ad diametrum PC; P 6 normalis ad Tangentem, cui oc- 
currat HG, perpendicularis ipfi P C H^in pundio G, ut 
fiac PG radius Curvaturse Ellipfeos in pund:o Pi (mt 
edam S T, C R, FV perpendiculares in Tangentem 
F (^demiffe.- Jungatur 50, & demittatur in hxtm 
normalis P i. His pofitis, Dico quod, 

f. Recimgulum [ub dijlantiis ah utroque Ellipfeos Foco^ 
five S P xf F ^quale ejl quadrate Semidiametri C K* 

Demonflratio. 

FSq~ PCq -U CSq~%CS x C L per 13. lI.EIem, 
P Fqz=PCq-y CScf -^%CS x C L per iz, IL Ekm. 
Unde PSq +P Fq — % PCq -^-zCSq^ 
Jam P S A- P F=iDE=z%C D; ac propterea 

' ^ J^FFq4--zPSx PFzz^^CPq. Qnzxt 
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